Quantum limit of dissipation-free photon-photon interactions at the few photon level is studied in the context of giant Kerr nonlinearities in cavity electromagnetically induced transparency (EIT). It is shown that photon-photon interaction is largest when the cavity contains a single atom. In contrast to conventional nonlinearities, increasing the number of atoms cannot increase the interaction strength but will in general degrade the performance by enhancing dispersion. In the non-perturbative regime, the single-atom photonphoton interaction can be limited by lossy states excited from long-lived EIT states. Asymptotically, in the strong coupling limit, photon-photon interaction is determined by the single photon-atom coupling strength. Photon blockade occurs for single atoms but only partial blockade can occur for low dispersion and not at all in the high-dispersion limit of the multi-atom case. 42.50.Dv, 03.65.Bz, 42.50.Lc Typeset using REVT E X 1
Enhancement of dissipation-free photon-photon interactions at the few photon level is a fundamental challenge in quantum optics. Such interactions are necessary for single photon quantum control as in reversible quantum logic gates, photon turnstiles and similar concepts.
Typically, tuning close to atomic resonances simultaneously increase both (Kerr) nonlinearity and linear absorption, severely limiting the available nonlinear phase-shift. In Ref. [1] , a new method that is based on electromagnetically induced transparency (EIT) [2] [3] [4] was proposed. In this scheme linear susceptibility vanishes on resonance, making it possible to obtain as much as 8 orders-of-magnitude improvement in Kerr nonlinearity as compared to conventional schemes based on three-level atoms. Recently, experimental realization of this scheme with an enhancement approaching 10 7 using a sodium Bose-Einstein-condensate (BEC) has been reported [5] . In light of these developments, it is natural to explore any fundamental limit on the achievable photon-photon interaction.
A single photon in a cavity can block the injection of a second photon due to a photon blockade effect [6, 7] . The idea was first introduced in a perturbative treatment in the low dispersion limit. One has to question how valid those earlier perturbative treatments of the atomic degrees of freedom and linearized fluctuations of the cavity field are [6] [7] [8] in the one or two photon level where, for example, quantum logic gates in quantum computing are intended to operate. Our theoretical investigations are based on the extensions of the giant Kerr scheme of Ref. [1] into the single atom non-perturbative regime and highly-dispersive multi-atom limit. In the single atom non-perturbative case, it is incorrect to think of the atom and cavity as two separate entities and the idea that the photon-photon interaction is always given simply by a single perturbed energy level needs to be questioned. It will be shown that more than one energy level can come into play and they correspond to distinctly different atomic states. We also describe the effect of including dispersion in the multi-atom case where the atomic degrees of freedom participating in the EIT are kept while adiabatically removing other atomic levels. The question of whether photon-blockade occurs can be rephrased in the non-perturbative regime as: does the coupled atom+cavity system have any eigenstates near twice the cavity frequency which are radiatively coupled to an eigenstate at or near the cavity frequency.
The quantum limit to photon-photon interactions is a more general question. The singleatom EIT system studied here shows that even in the near ideal situation of no one-photon loss the photon-photon interaction displays two important attributes quite general in applicability. In the strong coupling limit, energy levels associated with EIT-states, a type of trapping state, and other non-trapping lossy states of the cavity+atom system interact when the nonlinearity of the system is increased. Intermediate regimes exist where eigenstates of the system involve equal superpositions of trapping and non-trapping states. Strong coupling allows photonic pulses in the transient regime to interact with the atoms before losses can occur.
We will briefly describe the self-phase modulation Kerr nonlinearity in four-level EIT schemes using the exact eigenstates of the coupled atom-cavity system. We show that unlike perturbative third-order nonlinear susceptibility in the low-dispersion limit, which depends linearly on the number of atoms, the maximum attainable photon-photon interaction coefficient is obtained for a single atom inside the cavity; increasing the number of atoms leads to a reduction in the photon-photon interaction energyhχ due to enhanced dispersion. The crucial advantage of the EIT scheme is the absence of one photon loss due to spontaneous emission and cavity decay. This arises from the careful choice of atomic level frequencies and linewidths such that the linear susceptibility vanishes. Single-photon phase shifts exceeding π radians and photon blockade is attainable using the single-atom EIT-Kerr scheme [7] .
Consider first the n = 1 manifold of the coupled atom-cavity system where the cavity mode contains at most one photon. The metastable state |2 is coupled to |3 by a strong laser field with Rabi frequency Ω and the cavity mode is resonant with the |1 − |3 transition. Two-photon resonance using a coupling laser frequency ω c = ω 31 − ω 21 provides an electromagnetically induced transparency at frequency ω 31 . The cavity damping rate is denoted by Γ while the spontaneous emission from all the atomic levels is neglected. This is valid since the EIT condition effectively means there is no population in the upper state |3
which is the only atomic state with a significant decay rate relevant to the n = 1 manifold.
This allows a simple effective Hamiltonian approach to uncover the basic behaviour of the atom+cavity system.
A single photon excitation is shared among N atoms whenever measurements of the internal state are not performed. An important characteristic which needs to be investigated is how any scheme's nonlinearity or induced phase-shifts scale with the number of atoms N. Here we will discuss how in a nonperturbative or high dispersion regime the usual linear scaling law does not apply. The n = 1 manifold contains three energy levelsh(ω cav + ǫ i ) whose approximate energy shifts and widths O(Γ) for an effective Hamiltonian damping into cavity decay channel −ihΓn are approximately given by
where α = g , contains no component from the upper atomic state |3 and in the high dispersion limit α ≫ 1 is mostly atomic in character: this is the cavity-EIT trapping state [9] .
The photon blockade effect arises when we consider the ability of the system to absorb a second cavity photon. The n = 2 manifold has a number of interesting features which have not been discussed previously which we will outline below. When there is more than one atom, the n = 2 manifold contains six energy eigenstates. In the three-level Λ atomic system, two photon resonance connects the ground state to a doubly-degenerate excited state. One degenerate eigenstate can be taken as
|0
The state |φ n=2 1 corresponds to two trapped state excitations, has a linewidth which decreases with α and is shifted by level |4 . The effective Hamiltonian for the far detuned |2 − |4 resonance is
∆ω 42 .
Now orthonormal eigenstates for g 24 = 0 are
and
Neglecting cavity damping the energies of these two states are
We note that the (nonlinear) splitting of the eigenstate corresponding to ǫ n=2 − initially increases with the number of atoms N in the cavity as would be expected from a traditional nonlinear optical system. However, as dispersion becomes important (α ≃ 1), this increase saturates. In the highly dispersive limit given by α ≫ 1, the splitting of the eigenenergy allowing photon-blockade to occur. Provided |κ| > αΓ the transition rate from n = 1 to n = 2 manifold for a single atom is at least α times smaller than for N > 1 atoms. A single atom device is optimal for photon blockade: this is the first principal result of this Letter but the optimal way to achieve the largest phase-shift per photon remains an important question to be addressed. A number of alternatives will be detailed elsewhere based on theoretical insights gained during this work.
The results described above only considers the regime where level |4 can be adiabatically eliminated. So while the g 13 coupling is treated exactly the g 24 coupling is included perturbatively. The central focus of this paper is to address the question of what is the ultimate quantum limit for photon-photon interations when g 24 is large compared to all other relevant frequencies and is non-perturbative. In previous work [1] it was found that the photon-photon interaction for the EIT scheme (in the dispersion-free regime) is given by |χ| = 3|κ|α. The coupling field with Rabi frequency Ω removed the usual inverse cubic dependence on detunings allowing many orders of magnitude increase in the nonlinear coef-ficient. When dispersion is included, we find that the maximum value of the photon-photon interaction is independent of α and |χ max,pert | ∼ |κ| in the perturbative limit where the adiabatic elimination of state |4 is justified. This result suggests that the ultimate limit for photon-photon interaction (in the non-perturbative limit) will be given by g 24 . The question that remains to be answered is whether this limit is attainable or in the non-perturbative regime does the latter limit also lead to a saturation when the full quantum dynamics is included.
The effective interaction-picture Hamiltonian which couples the N 4-level atomic systems with a single cavity mode at frequency ω cav = ω 31 > ω 21 and another coupling field with n Ω photon Rabi frequency Ω at frequency ω c = ω 31 − ω 21 is
where Γ 4 = Γ 4 + i∆ω 42 . Eigenvectors of the n = 2 manifold are denoted
where v = (v 1 , v 2 , v 3 , v 4 ) are the bare state amplitudes. Energies of the n = 2 manifold eigenstates are given by 2hω cav +hǫ i where {ǫ i } are the eigenvalues obtained from the timeindependent Schrödinger equation.
In the single-atom case, energies of the n = 2 manifold eigenstates are given by the characteristic polynomial E 2 = 0 where
Solutions in limiting cases are:
where crossing can occur between ǫ g 24 and ǫ g 13 . Also, if cavity decay were to produce a linewidth of the bare states equal to their interaction energy then it would allow level crossing. It is expected that typical cavity finesses would satisfy Γ cav < Ω, g 13 so that it can be neglected here.
Another interesting property of this system is the asymptotic eigenstates after the anticrossing as a function of g 24 . The eigenvector corresponding to the asymptotic energy level
which is not a trapping state and is prone to both cavity loss and decay from level |3 .
The transition rate into this state from |φ shows that the photon-photon interaction is limited by the transition rate into the lossy state |ψ n=2 loss which can be overcome by increasing g 13 and the quantum limit of photon-photon interaction strength is |Re{ǫ ∆ω 42 }| → g 24 when g 24 ≫ ∆ω 42 , Γ 4 .
In summary, asymptotic transition rates from the n = 1 manifold EIT-state into the n = 2 manifold dressed-states with a large component from a radiatively damped atomic level |3 decrease more rapidly with its atom-field coupling strength g 13 . This allows the photonblockade effect and the photon-photon interation to be increased by selectively reducing the transition rates into the lossy dressed states closer to resonance. Finally, we compare the cavity-EIT scheme with the photon-photon interactions based on the Jaynes-Cummings model. The latter also has an energy level splitting proportional to the atom-field coupling but the first excited state is not an EIT-state and hence is lossy with no linewidth reduction.
In addition it is off-resonant with the cavity mode frequency due to the vacuum Rabi splitting in the strong-coupling regime. 
